Abstract. We introduce a contractive condition involving new auxiliary function and prove a fixed point theorem for closed multivalued maps on complete metric spaces. An example and an application to integral equation are given in support of our findings.
Introduction and preliminaries
The study of fixed points for multivalued maps is a very important part of fixed point theory. Almost all the major fixed point theorems for self-maps have been extended to multivalued maps. Nadler [21] started this direction in metric fixed point theory. He used Hausdorff metric to extend Banach contraction principle to multivalued maps. Later on, many authors extended and introduced many other fixed point theorems in different settings, see, for example, [2] [3] [4] [5] [6] [7] [9] [10] [11] [12] 15, [17] [18] [19] [20] [21] 23] . Recently, Samet et al. [24] introduced the notions of α-ψ-contractive and α-admissible self-maps and obtained some interesting fixed point theorems. The extensions of these notions to multivalued maps are available in [2-7, 12, 14, 18, 20] . Here, we give another generalization of results in [24] to multivalued maps. Then many contractive conditions and related fixed point theorems can be obtained from our result due to the specific family of functions introduced in this paper. An example and an application to integral equation are given to support the theory.
In the following lines, we present some notational and terminological conventions, which will be used throughout this paper. Let (X, d) be a metric space. We denote by N (X) the family of all nonempty subsets of X, by CL(X) the family of all nonempty closed subsets of X and by CB (X) the family of all nonempty closed and bounded subsets of X. For A ∈ N (X) and x ∈ X, D(x, A) = inf{d(x, a): a ∈ A}. For every A, B ∈ CL(X), let H(A, B) = max{sup x∈A D(x, B), sup y∈B D(y, A)} if the maximum exists;
Such a function H is called generalized Hausdorff metric induced by d. We give few definitions and result due to Asl et al. [7] and Mohammadi et al. [20] for convenience.
Definition 1.
(See [7, 20] .) Let (X, d) be a metric space and α :
is α-admissible if for each x ∈ X and y ∈ T x with α(x, y) 1, we have α(y, z) 1 for all z ∈ T y.
It is easy to see that α * -admissible maps are also α-admissible maps, but the converse may not be true as shown in [22, Ex. 15] .
Let ψ : [0, ∞) → [0, ∞) be a strictly increasing function such that ∞ n=1 ψ n (t) < ∞ for all t 0. We denote the class of such functions by Ψ . Recall that previous condition implies ψ(t) < t for all t > 0. [7] .) Let (X, d) be a metric space. A map T : X → CL(X) is called α * -ψ-contractive if there exist two functions α : X × X → [0, ∞) and ψ ∈ Ψ such that
Definition 2. (See
for all x, y ∈ X. Theorem 1. (See [7] .) Let (X, d) be a complete metric space, α : X × X → [0, ∞) be a function, ψ ∈ Ψ and T : X → CL(X) be an α * -admissible and α * -ψ-contractive map. Suppose that there exist x 0 ∈ X and x 1 ∈ T x 0 such that α(x 0 , x 1 ) 1. Assume that if {x n } is a sequence in X such that α(x n , x n+1 ) 1 for all n ∈ N and x n → x as n → ∞, then α(x n , x) 1 for all n. Then T has a fixed point.
Main result
We start this section by introducing the following class of functions. For other results in this direction, see [8] . We denote by Φ the family of functions φ : [0, ∞) 4 → [0, ∞) satisfying the following conditions:
(i) φ is continuous and nondecreasing in each coordinate; (ii) Let u 1 , u 2 , w ∈ [0, ∞), if u 1 < u 2 , u 1 < qw for any q > 1 and w φ(u 2 , u 2 , u 1 , u 2 ), then there exists ψ ∈ Ψ such that w ψ(u 2 );
The following are some examples of functions, which belong to Φ: 4 , where a, b, c are nonnegative real numbers such that a + 2b + 2c ∈ [0, 1); 9. φ 9 (u 1 , u 2 , u 3 , u 4 ) = au 2 + bu 3 + cu 1 , where a, b, c are nonnegative real numbers 
for all x, y ∈ X with α(x, y) 1.
Theorem 2. Let (X, d) be a complete metric space, and let T : X → CL(X) be an α-φ-contractive map satisfying the following conditions:
Also suppose that one of the following conditions holds:
Then T has a fixed point.
Proof. By hypothesis, we have x 0 ∈ X and x 1 ∈ T x 0 such that α(x 0 , x 1 ) 1. Suppose x 0 = x 1 , otherwise x 0 is a fixed point. From (1) we have
For q > 1, there exists x 2 ∈ T x 1 , suppose x 2 = x 1 , otherwise x 1 is a fixed point, such that we have
From (2), since φ is nondecreasing in each coordinate, we get
By triangular inequality, we have
We claim that d(
. Using these relations in (4), we have
By property (iii) of φ and (3), we deduce that H(T x 0 , T x 1 ) = 0, which is a contradiction to (3). It follows that d(x 1 , x 2 ) < d(x 0 , x 1 ), and hence, from (4) we get
By property (ii) of φ, we obtain
Now, from (3) and (6) we have
Since ψ is strictly increasing, we write
Since q 1 > 1, there exists x 3 ∈ T x 2 , suppose x 3 = x 2 , otherwise x 2 is a fixed point, such that
From (7), since φ is nondecreasing in each coordinate, we have
By triangular inequality, we write
. Using these relations in (9), we get
By property (iii) of φ and (8), we deduce that H(T x 1 , T x 2 ) = 0, which is a contradiction to (8) . (9) we have
and, by property (ii) of φ, we obtain
From (8) and (11) we have
and hence, since ψ is strictly increasing, we get
Continuing in this way, we construct a sequence {x n } in X such that
For n, m ∈ N with n > m, we write
Thus, the convergence of the series
Therefore, {x n } is a Cauchy sequence in X, and, since X is complete, there exists x * ∈ X such that x n → x * as n → ∞. Now, if (iii-a) holds, that is, T is continuous, then x * ∈ T x * . In fact, we have
and, letting n → ∞, we obtain D(x * , T x * ) = 0 and hence x * ∈ T x * . On the other hand, suppose that (iii-b) holds. From (1) we have
Since φ is continuous, letting n → ∞ in (12), we get
By property (iv) of φ, we deduce that D(x * , T x * ) = 0. By closedness of T x * , we have
3 Further discussion and example 3.1 α * -admissible maps
We give some results for an α * -admissible map in the setting of metric spaces.
Corollary 1. Let (X, d) be a complete metric space, and let T : X → CL(X) be a map. Assume there exist α : X × X → [0, ∞) and φ ∈ Φ such that
for all x, y ∈ X; (ii) T is α * -admissible; (iii) There exist x 0 ∈ X and x 1 ∈ T x 0 such that α(x 0 , x 1 ) 1.
Also suppose that one of the following conditions holds:
(iv-a) T is continuous; (iv-b) If {x n } is a sequence in X such that x n → x as n → ∞ and α(x n , x n+1 ) 1 for each n ∈ N, then α(x n , x) 1 for each n ∈ N.
Proof. Each α * -admissible map is obviously α-admissible, and hence, the conclusion follows from Theorem 2.
Moreover, we give the following theorem.
Theorem 3. Let (X, d) be a complete metric space, and let T : X → CL(X) be a map. Assume there exist α : X × X → [0, ∞) and φ ∈ Φ such that
for all x, y ∈ X with α * (T x, T y) 1; (ii) T is α * -admissible; (iii) There exist x 0 ∈ X and x 1 ∈ T x 0 such that α(x 0 , x 1 ) 1.
Proof. The proof of this theorem runs on the same lines as the proof of Theorem 2, and hence, to avoid repetition, the details are omitted.
Next corollary follows from the above result. (ii) T is α * -admissible; (iii) There exist x 0 ∈ X and x 1 ∈ T x 0 such that α(x 0 , x 1 ) 1.
Then T has a fixed point. 
Thus, condition (i) of Corollay 1 holds true. Notice that α(x, y) 1 only for x, y ∈ [0, 4]; this implies α * (T x, T y) 1 for x, y ∈ [0, 4], and hence, T is α * -admissible. For x 0 = 1, we have x 1 = 1/8 ∈ T x 0 such that α(x 0 , x 1 ) = 2. Moreover, for any sequence {x n } ⊆ X such that x n → x as n → ∞ and α(x n , x n+1 ) 1 for each n ∈ N, we have α(x n , x) 1 for each n ∈ N. As all the conditions of Corollary 1 (Theorem 2) hold, we conclude that T has a fixed point.
Some consequences
As consequences of Theorem 2, we give some corollaries. In particular, various theorems of the existing literature can be easily derived by our main theorem.
Corollary 3. Let (X, d) be a complete metric space, and let T : X → CL(X) be a map. Assume there exists φ ∈ Φ such that
for all x, y ∈ X. Then T has a fixed point.
Proof. Let α(x, y) = 1 for all x, y ∈ X. Therefore, the conclusion follows from Corollary 1 (Theorem 2).
Corollary 4. Let (X, d) be a complete metric space, and let T : X → CL(X) be a map. Assume there exist α : X × X → [0, ∞) and ψ ∈ Ψ such that
for all x, y ∈ X with α(x, y) 1; (ii) T is α-admissible; (iii) There exist x 0 ∈ X and x 1 ∈ T x 0 such that α(x 0 , x 1 ) 1.
Also suppose that one of the following conditions holds:
where ψ ∈ Ψ . Thus, the conclusion follows from Theorem 2.
Remark 2. Note that [6, Thm. 2.2] is a special case of above corollary.
Corollary 5. (See [21] .) Let (X, d) be a complete metric space, and let T : X → CB (X) be a map such that H(T x, T y) kd(x, y)
for all x, y ∈ X, where k ∈ [0, 1). Then T has a fixed point.
Proof. Let α(x, y) = 1 for all x, y ∈ X and φ(u 1 , u 2 , u 3 , u 4 ) = φ 5 (u 1 , u 2 , u 3 , u 4 ) = ku 1 , where k ∈ [0, 1). Then from (1) we have
for each x, y ∈ X. Therefore, by an application of Theorem 2, we deduce that T has a fixed point.
Corollary 6. (See [23] .) Let (X, d) be a complete metric space, and let T : X → CB (X) be a map such that
for all x, y ∈ X, where k ∈ [0, 1/2). Then T has a fixed point.
Proof. Let α(x, y) = 1 for all x, y ∈ X and φ(u 1 , u 2 , u 3 , u 4 ) = φ 6 (u 1 , u 2 , u 3 , u 4 ) = (β(u 2 + u 3 )/2, where β ∈ [0, 1). Then from (1) we have
for each x, y ∈ X, where k ∈ [0, 1/2). Therefore, by an application of Theorem 2, we deduce that T has a fixed point.
Corollary 7.
(See [11] .) Let (X, d) be a complete metric space, and let T : X → CB (X) be a map such that
for all x, y ∈ X, where a, b, c are nonnegative real numbers such that a+2b+2c ∈ [0, 1). Then T has a fixed point. Therefore, by an application of Theorem 2, we deduce that T has a fixed point.
Corollary 8. (See [11] .) Let (X, d) be a complete metric space, and let T : X → CB (X) be a map such that
Proof. Let α(x, y) = 1 for all x, y ∈ X and φ(u 1 , u 2 , u 3 , u 4 ) = φ 2 (u 1 , u 2 , u 3 , u 4 ) = βu 4 , where β ∈ [0, 1). Then from (1) we have
for all x, y ∈ X, where k ∈ [0, 1/2). Therefore, by an application of Theorem 2, we deduce that T has a fixed point.
Remark 3. The family of functions Φ can be extended by replacing function ψ with the MT -function introduced by Mizoguchi and Takahashi [19] or with the GMT -function introduced by Javahernia et al. [13] . Moreover, by using the contractive condition
for all x ∈ X and y ∈ T x with α(x, y) 1, instead of condition (1) in Theorem 2 with Φ defined along with MT -function/GMT -function, we are able to generalize either completely or partially many other results of the literature including the results mentioned in [1, 5, 13, 15, 16, 18, 19] .
Ordered metric spaces
Let (X, , d) be an ordered metric space and A, B ⊆ X. We say that A ≺ r B if, for each a ∈ A and b ∈ B, we have a b. Also, A B whenever, for each a ∈ A, there exists b ∈ B such that a b. Notice that the function α :
is an easy example of function suitable for Theorem 2. By using opportunely this fact, we present some results in the setting of ordered metric spaces.
Corollary 9. Let (X, , d) be a complete ordered metric space, and let T : X → CL(X) be a map such that
for all x, y ∈ X with x y and φ ∈ Φ; (ii) If x y, then T x ≺ r T y; (iii) There exist x 0 ∈ X and x 1 ∈ T x 0 such that x 0 x 1 .
(iv-a) T is continuous; (iv-b) If {x n } is a sequence in X such that x n → x as n → ∞ and x n x n+1 for each n ∈ N, then x n x for each n ∈ N.
Then T has a fixed point. (ii) x, y ∈ X, α(x, y) 1 implies α(T x, T y) 1; (iii) There exists x 0 ∈ X such that α x 0 , T (x 0 )) 1; (iv) If {x n } is a sequence in X such that α(x n , x n+1 ) 1 for each n ∈ N and x n → x as n → ∞, then α(x n , x) 1 for each n ∈ N.
Then the integral equation (13) has a solution in X.
Proof. Notice that any fixed point of the integral operator (14) is a solution of (13) . Then, by condition (i), we obtain Thus, condition (i) of Corollary 3 is trivially satisfied with ψ(t) = kt for all t 0. The other conditions of Corollary 3 are immediately satisfied, and hence, the operator T has a fixed point, that is, there exists a solution of the integral equation (13) in X. 
